We find a class of instabilities of convective character in the so-called thermal rotating shallow water model, which is used in literature for modelling well-mixed boundary layers in the ocean and in the atmosphere. These instabilities co-exist with standard barotropic instability, having higher than this latter growth rates in a wide range of parameters, and a whole variety of unstable modes is found.
Introduction
The standard framework for modelling medium and large-scale ocean and atmosphere processes is provided by so-called hydrostatic primitive equations for continuously stratified rotating fluid in the Boussinesq approximation. However, full complexity of primitive equations (and prohibitive cost of high-resolution direct numerical simulations) are not always necessary, especially for purposes of conceptual understanding. Rotating shallow water (RSW) model obtained by vertical averaging of the primitive equations is a good compromise between complexity and fidelity of representation of dynamical phenomena, e.g. [1] . The classical RSW model, which is of widespread use, can be "augmented" to include horizontal density/temperature gradients. Such "thermal" RSW model (TRSW) is known in literature for a long time, and was repeatedly rediscovered [2, 3, 4, 5] . TRSW is being used to model well-mixed atmospheric [6] and oceanic [4, 5] layers. Yet, its fundamental properties are still not well understood. Below, we will remind the genesis of TRSW, give its interpretation in terms of gas dynamics, and show some surprising instability properties of simple flows in the model.
2 Derivation of the model and acoustic analogy 2.1 A sketch of derivation of TRSW Starting from hydrostatic primitive equations either for the atmosphere or for the ocean, the vertical averaging between a pair of material surfaces z 1 , z 2 :
and the mean-field (columnar motion) approximation:
where u, v are the components of horizontal velocity and angles mean averaging (they are omitted below), lead to the "master" equation:
Hereρ is the vertically averaged density of the layer normalized by a reference density ρ 0 , v(x, y, t) = (⟨u⟩, ⟨v⟩) , ∇ = (∂ x , ∂ y ), f -constant Coriolis parameter. Together with hydrostatic relation, allowing to eliminate the geopotential ϕ:
the master equation is the main building block of the RSW models. If the master equation is considered for a single layer with flat bottom z 1 = 0 and free surface z 2 = h, and we chooseρ = const, the classical RSW model results. But if the mean density is taken to be variable:ρ = ρ(x, y, t)/ρ 0 , then instead of RSW we get the TRSW:
In the atmospheric context ρ should be replaced by θ, the potential temperature.
Gas dynamics analogy
TRSW equations in terms of buoyancy b = gρ(x, y, t)/ρ 0 can be rewritten as:
One recognises in these equations the isentropic dynamics of an ideal gas with density h, entropy b, and pressure P = bh 2 2 in a rotating frame. While, as is well-known, the "ordinary" RSW is equivalent to dynamics of a barotropic gas with density h and pressure P = gh 2 2 , TRSW is thus equivalent to a baroclinic gas dynamics.
Stability of vortex solutions of TRSW
We show below some results of linear stability analysis of simple vortex solutions of the TRSW equations, and of numerical simulations of their nonlinear evolution. We first find stationary vortex solutions. We then perform their detailed linear stability analysis, find unstable modes, and make high-resolution numerical simulations of the saturation of instabilities using thus found unstable modes for initialisations. Technically, for linear stability analysis we will be using the pseudo-spectral collocation method [7] , adapted to polar coordinates with grid stretching, and for numerical simulations we will be using a second-order centred finite-difference shallow-water scheme [8] adapted to TSW by adding necessary terms in the momentum equations, and an upwind-biased finite-volume buoyancy transport scheme. A minimal Newtonian viscosity was added to inhibit development of numerical oscillations.
Vortex solutions
As is well-known, axisymmetric stationary vortex solutions with azimuthal velocity profile V (r) in one-layer RSW obey the cyclo-geostrophic equilibrium
For a given V (r), the corresponding thickness profile H(r) can be found by integration of (8) .
In thermal RSW cyclo-geostrophic equilibrium should be replaced by thermo-cyclo-geostrophic equilibrium
where both H and B profiles are present, and thus some additional hypotheses are needed to fully determine a solution, i.e. B(r) and H(r). At small velocities thermo-geostrophic equilibria:
replace the standard geostrophic equilibria. Choosing spatial and velocity scales L and U , introducing the unperturbed thickness H 0 and reference buoyancy b 0 , we define Rossby and Burger numbers which characterise a solution:
Under the quasi-geostrophic scaling
, the equation of thermo-cyclo-geostrophic balance becomes:
where prime denotes the r -derivative. We choose a so-called α -Gaussian velocity profile V (r) = re
with α = 3, and consider a one-parameter family of solutions with buoyancy proportional to the thickness of the isentropic solution:
H can then be found from (11). The character of such solution is determined by the parameter κ, which will be called the thermal parameter. At κ = 1 we recover a usual isentropic, or "isothermal", RSW vortex with flat B, and at κ = 1 we have a purely "thermal" vortex with flat H. An example of a vortex with κ = 0.5 is presented in Fig. 1 . 
Results of the linear stability analysis
We show in Fig. 2 a comparison of the eigen-frequency spectrum, as follows from the linear stability analysis by collocation method, for "isothermal" and purely "thermal" vortices with the same velocity profile. The difference between the two is striking: there exists only one unstable mode in the case of the "isothermal" vortex, and a huge variety of them on the case of the "thermal" vortex with the same velocity profile. The eigenvalues forming continuum curves in the right panel of the figure correspond, in fact, to discontinuous and/or strongly oscillating pseudo-modes appearing due to the presence of critical layers (see below). In contradistinction with the discrete spectrum in the Figure, these eigenvalues change with increasing resolution (and computational cost), and thus should be discarded. The stability diagram, i.e. the dependence of growth rates on the azimuthal wavenumber of the eigen-modes of perturbation of the purely "thermal vortex " with κ = 0, Ro = 0.1, Bu = 1 is presented in Fig. 3 , where pseudo-modes are eliminated. The unstable mode of the isothermal vortex in the left panel of Fig. 2 , and that marked by asterisk in Fig. 3 are the standard barotropic instability modes. The eigenmode corresponding to the asterisk in Fig. 3 is presented in Fig. 4 , as compared with the "thermal" instability mode with the same azimuthal structure corresponding to the circle at l = 2 in Fig. 3 . As follows from the left panel of Fig. 4 , "thermal" instability modes are strongly localised in the radial direction. This is confirmed by Fig. 5 which presents the radial structure of an unstable mode. Note that the mode is localised in the vicinity of the critical layer, i.e. position where its phase velocity coincides with the local velocity of the background vortex. 
Nonlinear saturation of the instability
We present in Fig. 6 the results of nonlinear evolution of the most unstable mode with azimuthal number l = 5 of Fig. 3 . As seen from the figure, nonlinear saturation produces typically convective "mushroom" patterns in the buoyancy field, followed by a strong mixing. This pattern has nothing to do with nonlinear saturation of the barotropic instability, which is known to produce a quite regular secondary dipolar structure at small Rossby numbers.
Summary and discussion
Although we presented above only the analysis of vortex instabilities, similar results were obtained for instabilities of jets. Namely, "isothermal" jets in geostrophic equilibrium in TRSW, with a flat profile of buoyancy/temperature, are subject only to the standard barotropic instability at small Rossby numbers, while "thermal" jets in thermo-geostrophic equilibrium exhibit a whole spectrum of new "thermal" instabilities with higher than the barotropic instability growth rates and convective patterns of nonlinear evolution.
We, thus, discovered a new kind of instability of low Rossby-number vortices and jets in thermal rotating shallow water, which exists together with the standard barotropic instability and has higher growth rates in a wide range of parameters. The new instability is of convective type, is coupled to critical layers, and produces strong mixing during its nonlinear evolution.
